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Abstract. In this paper, we are interested in the properties of a new class of operators, recently 
introduced by Shkarin, called strongly n-supercyclic operators. This notion is stronger than 
n-supercyclicity. We prove that such operators have interesting spectral properties and give 
examples and counter-examples answering some natural questions asked by Shkarin. 

1. Introduction 

In what follows X will denote completely separable Baire vector spaces over the field K = M, C 
and T will be a bounded linear operator on X. Since the last 1980's, density properties of orbits 
of operators have been of great interest for many mathematicians, particularly hypercyclic and 
cyclic operators for their link with the invariant subspace problem. Another reason explaining 
this interest is that they appear in many well-known classes of operators: weighted shifts, 
composition operators, translation operators,... 

Definition 1.1. A vector x £ X is said hypercyclic for T if its orbit 

0{x,T) := {r"x,n G N} 

is dense in X. The set of all hypercyclic vectors for T is denoted by T-LC{T). The operator T is 
said to be hypercyclic if 'HC{T) ^ 0. 

One may remove linearity in this definition, then under the same assumptions, T is said to 
be universal. In the same way, in 1974, Hilden and Wallen pTO] introduced the weaker notion of 
supercyclicity which does not deal with orbits of vectors any more but with orbits of lines. 

Definition 1.2. A vector x £ X is said supercyclic for T if its projective orbit 

{Ar"x,neN,A eK} 

is dense in X. The set of all hypercyclic vectors for T is denoted by SC(T). The operator T is 
called hypercyclic if SC{T) ^ 0. 

As we said before, these properties have been intensively studied and the reader can refer to 
[2] and [9] for a deep and complete survey. One of the main ingredient providing such operators 
is the so called Hypercyclicity Criterion given by Carol Kitai in 1982 jllj . 

Theorem: Hypercyclicity Criterion. Let A be a separable Banach space and T € C{X). 
T satisfies the Hypercyclicity Criterion if there exist a strictly increasing sequence two 
dense sets 2?2 C A in A and a sequence of maps Sn^. : — ^ A such that: 

(a) r"*x for any x £ Vi; 

(b) Sn^y for any y £ V2; 

(c) r"'=5„,2/ ^ y for any y £ V2. 

If T satisfies the Hypercyclicity Criterion, then T is hypercyclic. 

Unfortunately (or not), M. De La Rosa and J.C. Read [6j, F. Bayart and E. Matheron [2j or S. 
Shkarin [H] proved that this criterion is only a sufficient condition for hypercyclicity providing 
counter-examples to the necessary condition. Actually, J. Bes and A. Peris [Ij showed that 
any finite direct sum of an operator T with itself is hypercyclic if and only if T satisfies the 
Hypercyclicity Criterion. This characterisation will be of great use later. Similarly, H.N. Salas 
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|12j gave a Supercyclicity Criterion which is only a sufficient condition too and verifies the same 
kind of characterisation as above. 

Theorem: Supercyclicity Criterion. Let X be a separable Banach space and T G 

T satisfies the Supercyclicity Criterion if there exist a strictly increasing sequence {nk)k&ii two 

dense sets Vi,V2 CI X \n X and a sequence of maps Sn^. : 'D2 ^ X such that: 



If T satisfies the Supercyclicity Criterion, then T is supercyclic. 

These results are at the very heart of the theory. Indeed, only very few operators have been 
proved to be hypercyclic or supercyclic without using one of these two criteria. Recently, some 
authors tried to generalise supercyclicity in a natural way. The first one is N. Feldman |8| at 
the beginning of the 2000's. He defines: 

Definition 1.3. An operator T is said to be n-supercyclic, n > 1, if there is a subspace of 
dimension n in X with dense orbit. 

These operators have been studied in and [SJ and [7j. Feldman gave some different 

classes of n-supercyclic operators and in particular: 

Example 1.4. [8] Let n G N. If {A^, 1 < A; < n} is a collection of open disks, Sk = on 
L^(Afc) for any 1 < k < n and S = ©^^i^fc, then S* is n-supercyclic. 

Bayart and Matheron [T| characterised n-supercyclicity for the classical bilateral weighted 
shifts on F(Z), 1 < p < 00: 

Theorem 1.5. [Ij For a bilateral weighted shift on n-supercyclicity is equivalent to 

supercyclicity. 

However, this is not the case for any class of n-supercyclic operators as one may notice with 
Example |1.4[ We noticed that Feldman gives sufficient conditions providing n-supercyclicity but 
he also supplies necessary conditions. The following theorem is concerned with the spectrum of 
n-supercyclic operators: 

Theorem: Circle Theorem. If T is n-supercyclic, then there are n circles Ti = {z : \z\ = rj}, 
Ti > 0, i = l,...,n, such that for every invariant subspace M. of T*, we have a{T*\M) n 
(Uf^^Fi) / 0. In particular, every component of the spectrum of T intersects U^j^Fj. 

In particular, if one consider the case n = 1, one recognises the Circle Theorem for supercyclic 
operators. Then, in 2004, Bourdon, Feldman and Shapiro proved in the complex setting that 
n-supercyclicity is purely infinite dimensional 

Theorem 1.6. Let n > 2. There is no (n — 1) -supercyclic operator on C". In particular, there 
is no k-supercyclic operator on C" for any 1 < k < n — 1. 

Recently, the present author [7J proved that things were different in the real setting providing 
the following theorem: 

Theorem [7]. Let n > 2. There is no ([^^y^J — l)-supercyclic operators on M". On the contrary, 
there exists ([^^^J)-supercyclic operators on M". 

These two last theorems recalls the behaviour of supercyclic operators in finite dimensional 
vector spaces. Nevertheless, even though most of the supercyclic theorems have a n-supercyclic 
counterpart, some questions remain open. In particular, one may ask whether there exists a 
Birkhoff Theorem, a n-supercyclicity Criterion or even if the Ansari Theorem remains true for 
n-supercyclic operators. These questions are "more difficult " than the previous ones mainly 
because X being a vector space, we are not considering a "natural space" for working on orbits 
of n dimensional subspaces. In this spirit, in 2008, Shkarin |13| proposed the concept of strong 
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n-supercyclicity requiring a stronger condition as its name suggests. Let us first recall some 
well-known facts before coming to the definition of strong n-supercyclicity. If X has dimension 
greater than n E N*, then one may define a topology on the n-th Grassmannian, denoted P„(X), 
which is the set of all n dimensional subspaces oi X. To do so, set X^ the open set of all linearly 
independent n-tuples x = (xi, . . . ,x„) G X" and endow Xn with the topology induced by X^. 
Define 7r„ : X„ — )• P„(X), 7r„(x) = Span(2;i, . . . and define the topology on ¥n{X) as being 
the coarsest for which 7r„ is continuous and open. Let us move to the awaited definition: 

Definition 1.7. Let n G N*. An dimensional subspace is said to be strongly n-supercyclic for 
T if for every /c G N, T^(L) is of dimension n and if its orbit 

0(L,T) := {r"(L),n G N} 

is dense in P„(X). The set of all n-supercyclic subspaces for T is denoted £Sn{T). The bounded 
linear operator T is called n-supercyclic if £Sn{T) 7^ 0. 

Remark 1.8. In this definition and all along this paper, we make no difference between L as a 
subspace of X and L as an element of ¥n{X). 

With this observation Shkarin [13] proved that strongly n-supercyclic operators do satisfy the 
Ansari property: 

Theorem: Ansari-Shkarin. Let fc, n G N*. Then £Sn{T) = £Sn{T^)- In particular, T is 
strongly n-supercyclic if and only if is strongly n-supercyclic. 

When he introduced the previous definition, Shkarin asked the question whether n-supercyclicity 
was equivalent to strong n-supercyclicity. Indeed, this would solve the Ansari property problem 
for n supercyclic operators. In fact, the present author gave a negative answer to this question 
[7] and we will construct some more counterexamples in the present paper. Since, [13] is very 
concise on strongly n-supercyclicity giving only the definition and the Ansari property and [7] is 
only concerned with the finite dimensional setting, the aim of this paper is to present a complete 
study of strong n-supercyclicity. 

2. Preliminaries and equivalent conditions to strong n-suPERCYCLiciTY 

An useful theorem in linear dynamics is Birkhoff's Transitivity Theorem because it permits 
to consider the "orbit of an open set" instead of the orbit of a point and is the key point to prove 
the Hypercyclicity and Supercyclicity Criteria. This property is called topological transitivity. 
Such a result would be a stable anchor for studying strongly n-supercyclic operators and this is 
the purpose of this section. But first, we are going to expose general properties that we need 
in the sequel and allowing one to express strong n-supercyclicity in a more concrete and handy 
way. The following property allows one to work on the space instead of the space X„ which 
has less structure property. 

Proposition 2.1. Xn is dense in AT". 

Proof. Let x = (xi, . . . , Xn) G A" and Vi, . . . , be open neighbourhoods of xi, . . . , x„. 

It suffices to prove that there exists y G A„ CiVi x ■ ■ ■ x Vn- Let p be the greater natural number 

such that the family {xi, . . . , Xp} is linearly independent. 

If p = n, it's trivial. If not, Spanjxi, . . . is a subspace of dimension p, thus there exists 

Vp+i £ y^p+i \ Spanjxi, . . . , Xp} because Vp+i is open in X and p < n. 

Iterating this argument, one may produce a family {up+i, ■ ■ ■ , r/n} such that: 

(xi, . . . , Xp, yp+i, . . . , i/n) e ¥l X • • • X T4 n Xn- □ 

Remark 2.2. The following trivial fact is important in the sequel : let U he a non-empty open 
set in Xn and L be a n dimensional subspace of X, then (L x ■ ■ ■ x L) CiU ^ 9 4^ L £ 7r„(C/). 

Thanks to the link between A„ and A", we are now able to characterise strong n-supercyclicity 
by density properties in A" rather than in P„(A). 
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Proposition 2.3. The following are equivalent: 
(i) T is strongly n-supercyclic; 

(a) There exists a subspace L of X with dimension n such that for every i G N, T^(L) is 
n- dimensional and: 
B := U~i7r-i(r*(L)) is dense in X"; 
(Hi) There exists a subspace L of X with dimension n such that for every i & N, T^{L) is 
n-dimensional and: 

£ := Ugi(r^(L) X • • • X r^(L)) is dense in X". 



Proof. We first prove that ^ and then 4^ {Hi) 

• (§ ^ @ : 

Let X = (xi, . . . , Xn) G Xn, M := 7r„(x) G Fn{X) and V he a non-empty open neighbourhood 
of X in Xn- Since vr^ is open, then W := 7r„(y) is an open neighbourhood of M in P„(X). 
Moreover, strong n-supercychcity of T implies that there exists a n dimensional subspace L of 
X such that: {T"-{L)}n(zN is dense in Pni^), thus there exists k £ N such that: T''{L) G W. 
Hence, there is y £ V such that: 7r„(y) = T^{L) and then y G 'k~^{T^{L)) C B. This proves the 
density of B in X„ and in X" because X„ is dense in X" itself. 

• (§ ^ @ : 

Assume that B is dense in X", the fact that ;B C X„ yields that ;B is dense in X„. Since tt^ 
is continuous and onto, TTn{B) is dense in P„(X). Moreover: 

MB) =vr„,(U-i^-i(r(L))) 

= U-ivr„(vr-i(r(L))) 

= ^r=iT\L) 

Thus, we proved that U^]^T*(L) is dense in P„(X) and T is strongly n-supercyclic. 



• Q =^ (ni) : 

By definition of 7r„, for any A: G N, tt-^T''{L)) cT^{L)x---x T^{L) C X", thus ^ C <f and 
then £ is dense in X". 



Let [/ be a non-empty open set of X". Since X„ is open and dense in X", then X„ n C/ is 
also non-empty and open in X" and since £ is dense in X" , there exists x G <S n X„ n C/ = X„ n 
(U~ir^(L) X • • • X r^(L))nC/. Hence there is A; G N such that x G nX„n (T'=(L) x • • • x r^(L))nC/, 
so 7r„(x) = T'=(L) and then x^BCMJ. □ 



Remark 2.4. In particular, characterisation (iii) above allows us to notice that if T = Ti 



■ ■ ■ ®Tn oxi X = El® ■ ■ ■ ® En is strongly A:-supercyclic, then for any i G {1, . . . , n}, Tj is strongly 
fcj-supercyclic where ki = min(dim(£'j), k). 

The last proposition makes possible to characterise strongly n-supercyclic subspaces for an 
operator and proves that £Sn{T) is either empty or a subset of P„(X). Let us denote by 
(V^)jgN an open basis of X. 

Proposition 2.5. £Sn{T) = n(j,,.,.j„)eN" "^ien T^n{{T • • • T)-^{Vj^ x • • • x J n X„) 

Proof. Let L G £Sn{T), according to Proposition |2.3| this is equivalent to the density of 
U^]^T*(L) X • • • X T'^{L) in X". Then using the open basis this is equivalent to: 

V(ii, • • • ,jn) G N",3i G N : (r(L) x • • • x T\L)) n {Vj, x • • • x V^J / 0. 

Thus, Xn being a dense open set of X", this can be re-written: 

V(ji, • • • , i„) G N", 3i G N : X„ n (L x • • • x L) n {®l={T)-\Vj, x • • • x y,- J / 0. 

Finally, applying 7r„ to the previous line gives the relation we expect: 

^ e nai,...,in)GN" u,eN vr„((T • • • T)-*(yj^ x • • • x V,- J n Xn). 
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□ 

At that point, it is possible to give a similar result as Birkhoff 's Transitivity Theorem for the 
strong n-supercyclicity setting: 

Proposition 2.6. The following are equivalent: 
(i) T is strongly n-supercyclic; 

(ii) MU C P„,(X), VF C X" open and non-empty, 3i G N : {®l^{Ty{'K-^{U)) n F / 0. 
In particular, ifT is strongly n-supercyclic, then 8Sn{T) is a Gg dense subset o/P„(X). 

Proof. Let L G 8Sn{T). Since X does not have any isolated point, Pn(^) does not have any 
either and then 0{L,T) C £Sn{T). Thus, £Sn{T) is either empty or dense and is also a 



with Proposition 2.5 In particular, T is strongly n-supercyclic if and only if £Sn{T) is dense in 



¥n{X), and using the characterisation of £Sn{T) from Proposition 2.5 this means that for all 
non-empty open set U E ¥n[X) and any (ji, . . . , j„) E N", there is i E N such that 

7r,((r e • • • e t)-\Vj, x • • • x j n x,) n c/ / 

where is an open basis of X. 

Thanks to TT~^{U)r\Xn = 7r~^{U), this can be re- written: for all non-empty open set U E Fn{X), 
for any (ji, . . . ,jn) E N", there exists i E N such that 

(T e • • • e T)-\Vj, X ... X J n tt-Hu) / 

and so the proposition is proved (lj)jeN being an open basis of X. □ 

Thanks to these results, we are now able to show the existence of strongly n-supercyclic 
operators. This is a first class of examples: 

Corollary 2.7. Suppose that T satisfies the Supercyclicity Criterion, then T is strongly n- 
supercyclic for every n E N. 

Proof. We are going to check the equivalent condition given by Proposition [2]6j We have already 
noticed with [1] that T satisfies the Supercyclicity Criterion if and only if (®^^]^T) is supercyclic 
on X"' for any n E N. Let n E N*. By the supercyclic version of Birkhoff Theorem, for any 
non-empty open sets V, W in X", there exists i E N and A E K* so that {®2^iT''){\W) n F / 0. 
Let U he a non-empty open set in Fn{X) and y be a non-empty open set in X". Then, 7r~^{U) 
is non-empty and open in by definition of 7r„ and for any A E K*, X7r~^{U) = tt~^{U). Set 
W := 7r~^{U) and use the supercyclic Birkhofi^ Theorem with sets V and W, then there is z E N 
such that (®f^]^r*)(7r~-'^(C/)) n F 7^ 0. This proves that T is strongly n-supercyclic. □ 

Actually, one may deduce the following corollary. It is straightforward with the above corollary 
but we state it to justify the following remark. 

Corollary 2.8. Let 1 < n < 00 and Xi, . . . , Xn be Banach spaces and for any i E {1, . . . , n}, 
Tj E C{Xi). Assume that the Ti satisfy the Hypercyclicity Criterion with respect to the same 
sequence {nk}keN- Then (©f=iTj) is strongly n-supercyclic on X = 

Remark 2.9. One could be interested in trying to replace the Hypercyclicity Criterion above 
with the Supercyclicity Criterion. Feldman already proved that such operators are n-supercyclic 



[8]. We will see later in Theorem 3.3 that this Feldman's Theorem does not always provide 
strongly n-supercyclic operators because their spectrum is composed with a finite number of 
isolated points and its connected components have to intersect a same circle. In particular, this 
contradicts the affirmation in |13] that operators constructed by Feldman in Example 1.4 are 
strongly n-supercyclic. 



Remark 2.10. As people did it for hypercyclicity, we can deduce from Proposition 2.6 a Strong 
n-supercyclicity Criterion. Unfortunately, this criterion is disappointing being equivalent to the 
Hypercyclicity Criterion. 
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3. Some spectral properties 

It is a well-known fact for hypercyclic and supercyclic operators that the point spectrum of 
their adjoint is very small, in fact it counts at most one element for supercyclic operators and 
none for hypercyclic ones. Bourdon, Feldman and Shapiro proved that this was also the case for 
ra-supercyclic operators, and therefore for strongly n-supercyclic operators, giving the following 
theorem: 

Theorem Bourdon, Feldman, Shapiro. Suppose that T : X — )• X is a continuous linear 
operator and n is a positive integer. If T* has n + 1 linearly independent eigenvectors, then T 
is not n-supercyclic. 

One can ask whether this result can be improved for strongly n-supercyclic operators. The 
following theorem shows that it is not the case. Moreover, it points out that we can choose the 
eigenvalues of their adjoint. 

Theorem 3.1. Let X be a complex Banach space. Let Ai, . . . , Ap G C*, rrii, . . . , nip G N* and 

T be a bounded linear operator on X and define n = J2^=i^i- Then the following assertions 
are equivalent: 

(i) S := e^\Ai/d e • • • e^^i XpLd eT is strongly n-supercyclic on C" X ; 

(ii) e^\xr ® ■ ■ ■ ®T=i ^ *s hypercyclic. 

Moreover, in that case, CTp{S*) = {Ai, . . . , Ap} and for any i G {1, . . . Aj has multiplicity rrii. 

Proof. For the sake of convenience we denote by Ai,...,A„ the complex values we want to 
realise as eigenvalues of S* counted with multiplicity and i? = ^ © • • • © ^ be hypercyclic by 
hypothesis. Assume that the equivalence is already proved, then the definition of S implies that 
(Tp(S'*) = {Ai, . . . , A„} because ap{T*) = 0. 

According to the Theorem of Bourdon, Feldman and Shapiro stated above, S is not strongly 
A;-supercyclic for every k < n. 

t>We begin with ([ii|)=^>([i]): 
Assume that R is hypercyclic and that (yi, . . . , y„) G X" is hypercyclic for R. 
Let {(ei,i, . . . ,ei^n)}i<i<n be a basis of and set M = Span{(eij, . . . , ej,„, yj)}i<i<„. 
We are going to show that M is strongly n-supercyclic for S i.e. U^eN S^{M) x • • • x S^{M) is 

V ' 

n times 

dense in (C" © X)". This reduces to prove: 

n n 

UfceN,(/.,,,.)i<..,<„eM„(c) E ^i,i(®"=i\^e,j © T^yO © • • • © ^ ^inA®l=l>'JeiJ © T'^yi) 

i=l i=l 

is dense in (C" © X)" . 

For this purpose, let z = (•Zij)i<i<n,i<j<n+i G (C" © X)^ and e > 0. We have to find k and 
{fJ'i,j)i,j in order to approach z from a distance at most e. 

First, take Cj^j = 1 and Cij = for every i = 1, . . . ,n, and every j ^ i. This is a basis of C". 
Then, remark that if one defines fiij = ^ we have: 

i 

n n 

/^l,j(©j=l'^j Ci.jf) © • • • © A''n,i(©j=l'^j Cjj) = (-2^1,1; • • • ) ^l,ni ■ ■ ■ i Zn,li • ■ • ; Zn,n)- 
i=l 1=1 

This leads to two cases: 

• : Either det((zjj)i<jj<„) / 

In this case, we take Xij = Zij for every 1 < i, j < n. 

• : Or det{{zij)i<ij<n) = 

Since GL„(C) is dense in M„(C) and since {(cj^i, . . . ,ei^n)}i<i<n is a basis of C", there exists 
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A := {xij)i<ij<n G GLn{C) such that: 



1=1 



i=i 



K^l.lj • • • ) ^l.ni • ■ ■ 1 Zn,li ■ ■ ■ 1 



< 



In both cases, we take = ^jff and we need to find k £ N so that 




This may be re-written: 



A 



yi 



Hence, this is equivalent to finding /c G N so that: 



T 



yi 



y-n 



A- 



< 



< 



2 A 



Furthermore, (yi, . . . being hypercyclic for R, there exists such a k G N. Since we found 
k & N and {fJ-ijjij such that: 



1=1 



1=1 



e e 
<2 + 2=^' 



then, S is strongly n-supercychc. 

Assume that S is strongly n-supercyclic and let M be a strongly n-supercyclic subspace for S 
and denote by Mq its projection on C". Therefore, Mq is strongly dim(Mo)-supercyclic for S\£n 
and being of dimension n. Theorem 1.6 implies that dim(Mo) = n, i.e. Mq = C". Thus, it 
is possible to choose a basis of M like the following: 



M = Span 



/ 1 \ 







/ \ 





V ^2 J 



( W 





Let us prove that R is hypercyclic. 

Let (zi,--- ,Zn) G X". Since 5" is strongly n-supercyclic, there exists a strictly increasing 
sequence {rijS)^^^ and complex numbers (/^i"''^)i<ij<n such that for every i G {1, . . . ,n}: 

1, 



//•"'"^A"* — > for any j 7^ i, 

" -' fc— >-+oo 
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Take also, 



1,1 '^l ■ ■ ■ H-nA '^n 



/^l 



I n ^1 ■ ■ ■ h'-n,n A„ 



Obviously, with the preceding convergences, we may suppose that A*^"*) is 

invertible and thus [A^'^'^n — > Id too. 
Remark that: 



Hence, 



This proves the hypercyclicity of R. 



-1 



J"-k) 



□ 



Feldman showed in [8] that there exists operators that are n-supercyclic but not (n — 1)- 
supercyclic. The last result allows us to give an example of a strongly n-supercyclic operator 
which is not strongly fc-supercyclic, for any k < n. 

Example 3.2. Let B be the classical backward shift on £^(N) being defined by B{ao, oi, 02, . . .) = 
(ai,a2, • . .) and let also Ai, . . . , A„ G D. Then, the operator defined on C"' ® i'^{N) by T = 
Xild © • • • © Xnid © -B is strongly n-supercyclic but not strongly A:-supercyclic for every k < n. 
Indeed, a classical result says that y satisfies the Hypercyclicity Criterion for the whole se- 



quence of integers if and only if |A| < 1. Thus 



B_ 
' Ai 



Y- satisfies also the Hypercyclicity 



Criterion and T is strongly n-supercyclic by Theorem 3.1 Nevertheless, the fact that T is not 
/c-supercyclic for A; < n is clear because if it was, then the restriction of T to C" would also be 
A;-supercyclic but this contradicts Theorem 1.6 [5j. 



Since strongly n-supercyclic operators are in particular n-supercyclic, they inherit their spec- 
tral properties, hence the Circle Theorem applies to these ones. Therefore, for every strongly 
n-supercyclic operator, there exists a set of at most n circles intersecting every component of the 
spectrum of T. This was obtained by Feldman [8j for n-supercyclic operators and he provided 
also examples for which n circles were necessary. In the case of strongly n-supercyclic operators, 
we are able to improve the Circle Theorem: 

Theorem 3.3. Assume that X is a complex Banach space and T is a strongly n-supercyclic 
operator on X . 

Then we can decompose X = F (B Xq, where F and Xq are T -invariant, F is of dimension at 
most n and there exists R> such that the circle {z £ C : \z\ = R} intersects every component 
from the spectrum ofTo := T^Xq- 

Moreover, in the particular case n = 2, T^p is a diagonal operator. 

Proof. The theorem is trivial if there already exists a circle intersecting all the components from 
the spectrum of T. 

If such a circle does not exist, then there exist R> and two components Ci, C2 from cr{T) 
such that Ci C B{0,R) and C2 C C \ B{0,R). Upon considering a scalar multiple of T, one 
may suppose that R = 1. Thus (t{T) = cji U a"2 U as where ai C O and cj2 C C \ D where 
ci, a"2, (Js are closed and pairwise disjoint. Then, thanks to the Riesz Theorem |2| one can write 
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T = Ti e Ta e on X = Xi e X2 e X3 where a{Ti) = Ui for i = 1, 2, 3. 

We are first going to prove that dim(Xi) <n — 1. Assume to the contrary that dim(Xi) > n. 
Then, one can choose {ui, . . . , Un) G Xf such that for every i £ {1, . . . , n}, \\z — Mi|| > 1 for any 
z e Span{ui, ... ,Ui-i,Ui+i, ... ,Un). 



Let L = Span 





be a strongly n-supercychc subspace for T, {nk)keN 



be a strictly increasing sequence and A;. G M„(C) such that: 



Ul 



k—^+oo 



and 



2 yi 



rpUk 




In addition, by density of GLn{C) in M„(C), one can assume that Ak is invertible for every 
keN. Write: 

/ n-i'n.l, K / 

Ul.k 



1 Xi 



A, 



1 Xn 




where for every i G {1, . . . ,n}, ||ei,A;|| — > 0. 
This yields: 



Denote A^, ^ 



C \ D, it follows that ||A 
any m G {1, . . . , n}, 













■ «l,n \ 


k 

n,l 


• a'' / 

"'n,n / 



Al 



, since A^ 



Un,k 




+00 hence max(|afj |)i<ij<„ 



and a{T2) C 
+00 and thus for 



max{|a: |)i<i_j<„ k-^+c 



k^+oc 

0. Set k £ N such that for any m G {1, . . . , n}, 



max(|af .|) 



j\)l<i,j<n 



< 2 and \\sm,k\ 



< 2 and set also la^gl 



max a: 



i,j\)'i-<i,j<n- 



Then, we have 



Tp^Xp — X]r=i ^p,i'^i,k, so 



+ E 





±p Xp 




fjk 

p,q 



< 



This result contradicts our first assumption that for every i G {!,... ,n}, Hz — > 1 for any 
z G Span(ui, . . . , tij-i, Uj+i, . . . , n„). Hence dim(Xi) < n — 1 and if n = 2, we get dim(Xi) = 1. 
We can do the same process with T2 © T3 which is strongly n-supercyclic thus either there exists 
a circle intersecting every component of the spectrum of T2 ® and the proof is finished, or 
we can decompose T2 T3 as a direct sum of two operators where the first one is defined on a 
space of dimension lower than n — 1. Then, as there is an at most n dimensional subspace in 
this decomposition because there is no strongly n-supercyclic operators on a space of dimension 
strictly greater than n according to Theorem |1.6[ Thus, we can iterate this process only a finite 
number of times. This proves the first part of the theorem. The particular case n = 2 part, is 
clear from the proof and Tj^^ is diagonal operator. 

□ 



In particular, considering n = 2 in the preceding theorem gives an alternative generalising the 
case of supercyclic operators. Indeed, for a supercyclic operator it is well-known that the point 
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spectrum is either empty or a singleton and in the last case, T is hypercyclic on an hyperplane 
of X. The following corollary gives a similar result for strongly 2-supercyclic operators. 

Corollary 3.4. Assume that X is a complex Banach space and T is a strongly 2-supercyclic 
operator on X. Then, one of the following properties applies: 

• There exists R > such that the circle {z £ C : \z\ = R} intersects every component from 
the spectrum ofT, 

Q ^ with S being a supercyclic operate 
with f ® f hypercyclic. 



tor. 




Proof. According to Theorem 3.3 we have the following alternative: either there exists a circle 
intersecting every component of the spectrum of T or we can decompose X = F (B Xq with F 
and Xq, F being of dimension at most 2 and S := T^p being diagonal and there exists a circle 
intersecting every component of the spectrum of Tq := T^Xq- 



If dim(F) = 1 then T = ^ ^ ^ ^ for some a G 



We can suppose that L is a strongly 2-supercyclic subspace and that L = Span ^ ^ ^ J ' ^ ^ 
Let us prove that S is supercyclic. Let z G Xq. Since T is strongly 2-supercyclic, there exists 

«fc "fc I ^ GL2(C) such that 



\ _ ( o + e;' 

'2 



Aki "i^^,"" 1 = 1 " ' 1 where e?* — > and en* — > 



O '-y I VZ + fco / fe— s>+oo A;->+oo 



and 



^'^ ' "n ) = f n I aC ) ^here d'l^ and 5^^ 0. 



Thus, considering the inverse of Ak we get: S^'^y = — nj, \n\ and multiply the last 

equality by to obtain: 

a^iXl'^iil'^ -\l^ix\^)S''^y = -a^li\^ + A^' (z + £3 ' ) 

= -5^*e^'= + (i + 5;'^)(z + 4'=) 2. 

Hence S is supercyclic on Xq. 

a 

If dim(F) = 2 then T = ( 6 ) , for some a, 6 G C* 

5 



Hence, it suffices to apply Theorem 3.1 to conclude that - © |^ is hypercyclic. □ 



Remark 3.5. Actually, these three conditions are necessary, and we give an example for each 
one. 

The first point is easy, take an operator satisfying the Supercyclicity Criterion: the circle 
exists because the operator is supercyclic and it is strongly 2-supercyclic thanks to Corollary 
[2:71 

The second one is more tricky: let G i/°°(D) be defined by (/>(z) = 1 -|- z -|- z, and the 
multiplication operator associated to on i/^(D). Set also i?„ := X]r=/(-^0)*- Then, one may 
prove following Exercise 1.9 in [2] that there exists a universal vector for i?„: u G i^^(D) and 

u ^ Im(M^ — I) and that ^ ^ ^ is supercyclic and is not similar to an operator with the 
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form I ® S. Noticing also that © (-^^)"}n>2 satisfies the Universality Criterion, then one 
/ a \ 

can prove that T := I 1 1 is strongly 2-supercyclic on © ff^(D) and is not similar 

V n m; y 

to any operator of the shape 6/ © c/ © Tq and does not even admit a circle intersecting every 
component of its spectrum for a well-chosen complex number a. 



1 











1 

2 











Ml 



Finally, the third case is easy: T = — ^ is strongly 2-supercyclic on C 



H^{n) with 4>{z) = 1 + z by Theorem 3.1 but its spectrum is a{T) = {-1, -5} U D{1, 1). 



4. Other classes of interesting examples 



Until now, we proved several properties of strongly n-supercyclic operators and we came across 
different classes of examples but links between strong (n — 1), n, (n + l)-supercyclic operators are 
not well understood yet. This part provides some answers but also some interesting questions 
on the subject. 



4.1. A class of strongly A;-supercyclic operators with k > n. The following counterex- 



ample generalises Corollary 2.7, It has been proved in [5] and [7| that strong n-supercyclicity 
is purely infinite dimensional. We are going to make use of this fact to construct an operator 
being strongly A;-supercyclic if and only if > n. 



Counterexample 4.1. Assume that 5 satisfies the Hypercyclicity Criterion on a Banach space 
Y and define T = Id(B S on X = K" © Y. Then T is strongly /c-supercyclic if and only if k > n. 



Proof. 



• We first prove that if T is strongly /c-supercyclic, then k > n. Assume to the contrary that 
k < n, then restricting T to K", one obtains that Id is strongly A;-supercyclic on with k < n. 
This is impossible by [5] for the complex case and [7\ for the real case. 

• Let us prove now that for every p > n, T is strongly p-supercyclic. 
The following lemma is the key of the proof. 

Lemma 4.2. Letp > 1. Then, there exists (yi, . . . , yp) G YP such that for any A = {^i,j)i<i,j<p £ 
GLp{K), the set- 
Is' (j2 ^hiVi) ®---®s'(j2 ^p^^y) I 

is dense in Y^. 



Proof. Since S satisfies the Hypercyclicity Criterion, then L := 5* © • • • ©5 is hypercyclic too 

p times 

[1]. Assume that (yi, . . . , yp) £ Y^ is an hypercyclic vector for L, (ai, . . . , Op) G Y^ and e > 0. 
Since (yi, . . . , yp) G Y^ is hypercyclic for L, there exists k £ N such that: 
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Thus, there also exists (ei, . . . , Ep) G with 



and then 



A 



P 



< pjy such that: 



ai 



A 



-1 



A 



ai 



£l 



By considering the norm, we have: 



A 



ai 



a„ 



A 



< \\A\\ 



\A\ 



£. 



Thus, we have approached (ai, . . . , a^) and this achieves the proof of the lemma by proving the 
density of the set [S'^ (^Li Kiyi) ® ■ ■ ■ ® (^Li \,iyi)}k&, ™ ■ ° 

We come back to the proof of the counterexample. 
Let p > n and {ei, . . . , Cp} be a generating family of K" with p elements and (yi, . . . , yp) given 
by the previous lemma and denote Xi = {ei, yi) E X, for every i S {1, . . . ,p}. 
It is easy to show that M := Span(a;i, . . . , Xp) is strongly p-supercyclic for T. A ctually, it suffices 
to prove that UkmT^i^) x • • • x T^{M) is dense in XP with Proposition 



p times 

Using the definition of M reduces the proof to the following assertion: 



2.3 



\p^i{ei ® S^yi) is dense in X^ . 



1=1 



1=1 



For this purpose, let e > 0, (ti, . . . ,tp) G (K")*' and (zi, . . . , Zp) G 1"^. Since GLp(lC) is dense in 
Mp(K), there exists A = {,^i,j)i<i,j<p G GLp(lC) so that: 



ei 



< 



On the other hand, Lemma 4.2 implies that there is /c G N satisfying: 



S''[Y,\l,^y^ 



\i=l 



P 

1 

\i=l 



< 



Hence, 



Ai,i {ei ® S'^yi) ® • • • ® ^ Ap,i (e^ ® S'^yi) - ef^^ (ti ^i) 

j=l i=l 

This is the relation we were looking for. Thus, T is strongly p-supercyclic. 



< e 



□ 



Example 4.3. In the same spirit, one may easily prove that strongly n-supercyclic operators 
given by Theorem 3.1 are not strongly A;-supercyclic for k < n. 
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4.2. A supercyclic operator which is not strongly n-supercyclic for a fixed n > 2. We 

already noticed in the previous part that strong n-supercychcity does not imply strong (n — 1)- 
supercyclicity. It is a natural question to ask whether the contrary is true or not: does strong 
n-supercyclicity imply strong (n + l)-supercyclicity? In the following, we prove that it is not 
the case for n = 1. To do so, we will construct a supercyclic operator which is not strongly 
p-supercyclic for p > 2. Operators satisfying the Supercyclicity Criterion are useless because we 
noticed in Corollary |2 . 7| that these operators are strongly n-supercyclic for any n > 1. Thus, we 
are forced to consider operators that are less handy. Actually, we are modifying the construction 
of an hypercyclic operator which is not weakly mixing from Bayart and Matheron [2j to achieve 
it. 

Theorem 4.4. Assume that X is a Banach space with an unconditional normalised basis (ei)jgN 
for which the associated forward shift (ei)igN is continuous and let p > 2. Then, there exists a 
supercyclic operator which is not strongly h-supercyclic for any 2 < h < p. 

The proof of this theorem is long and is based on the work of Bayart and Matheron |2j . The 
proof is a succession of intermediate results leading to the final proof. The main idea is to 
construct an operator and to create a criterion for checking that this operator is not strongly 
/i-supercyclic. We may refer the reader to the book [2j for certain proofs. 
Let us define some material we need in the sequel. 

Assume that T is a linear bounded operator on a topological vector space X and let cq G X, 
then we set: 

K[T]{eo) = {P{T){eo),PeK[X]} 
= Span{r(eo),i G N}. 

We also define a product on K[T](eo) by: 

P{T)eo ■ Q{T)eo = PQ{T)eo. 

We first give a technical lemma proving the convergence of the sphere unity for every subspace 
from a sequel of subspaces of dimension h to the unit sphere of another one if a sequel of bases 
converges to a basis of the second subspace. 

Lemma 4.5. Assume that X is a normed vector space, h>2, and that E = Span{ui, . . . , Uh) is 
a subspace of dimension h. For every 1 < i < h, let (ff)nGN be a sequence of elements of X such 
that Wvf — UiW < ^ . Let also Fn = Spaniv?, ... ,Vh)- Then, inf inf llx — zll — 0. 

Proof. Let M = max ||n||| and N > 2hM be a natural number such that for any n > N, the 

l<i<h 

family {t;", . . . ,vJ^} is linearly independent. 
Consider n > N and remark that if one supposes: 



sup sup := Kjy < +oo 

n>N z&Fn,\\z\\=l 
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then we have: 



inf 



inf 



\x — z\\ < 



z&Fn,\\z\\=l a;eE,||a;||=l 



inf 

z&F„,\\z\\=l 



< inf 

2eF„,||z||=i 



Z)Ui 



i=l 



i-|lEti<*(^K 



+ 



Z)Ui — z 



i=l 



< inf 1 - 
2eF„,||z||=i 



-2 — 



j=i 



n 



n 







n n->+oo 

Thus, it suffices to prove this assumption. 

Let n > N, and T„ : Span(ui, . . . , Uh) — >■ Span('Ui— t;", . . . , Uh—v'f^) be defined by Tn{ui) = Ui—vf 
for every 1 < i < h. Remark that: 

||r„|| = sup WY^uUxXn, - oil < E iKiiiiu, -vn< — < \. 

11^11=1 .=1 i=l " 2 

Thus, it follows that the operator Sn '■= I — Tn : Span(Mi, . . . , Uh) — > Span(i;", . . . , v'f^) defined 
by Sn{ui) = vf for any 1 < i < ^ is invertible and = Y^t^ ^n- Moreover, we deduce the 
following upper bound for S~^: 

+00 +00 +00 



Enii<Eii^-ir<E 



1 



i=0 



i=0 



Hence, 



sup sup |ff*(z)| < sup sup 

n>N zeFn,\\z\\=l n>N zeF„,\\z\\=l 



< sup sup lluill ||5„ ^1 

n>N z£F„,\\z\\=l 

< 2M := Kn 

Then, the assumption is true and this ends the proof of the lemma. 
This lemma is a criterion of non-strong /i-supercyclicity. 



□ 



Lemma 4.6. Assume that X is a topological vector space and T G L(X) is cyclic with cyclic 
vector Co and that h>2. Set Xq := {(P(r)eo), -P G P / 0}. Assume also that there is a 

topological vector space {E,t) and * : Xq — >■ {E,t) such that the map ((P(r)eo), {Q{T)eo)) i->- 
^{{{PQ){T)eQ)) is continuous on Xq x Xq and that for every {gq, . . . ,ah-i),{bo, . . . .bh^i) G 
K>' \ {(0, . . . , 0)}, ^((6oeo + • • • + bh-iT^^-^eo)) / ^{{aoT^'eo + ... + ah-iT^^-^ cq)) . Then, T is 
not strongly h-supercyclic. 

Remark 4.7. In particular, T does not satisfy the Supcrcyclicity Criterion. 

Proof. Assume that T is strongly /i-supercyclic on X and let E = Span(eo, . . . , T^~^eQ), n G N* 
and En G tt^ [B ((cq, . . .^T^-^cq); }^)) n £Sh{T). Thus, there exists m„ G N,a;n,2/n e E^ lin- 
early independent such that: T'^"Xn G 5 (cq; ^) and T"^"yn € S^T'^cq;^). Moreover, fix 

£„ = min (^ 2„||T>n„|| ; II^pt), then cq being cyclic for T, there exists Pn,Qn € ^[X] such 
that: 



PniT)eo G B{xn;en) and QniT)eo G 
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thus, 



1 



n 



T'""(P„(r)eo) GBieo;- and T""(Q„,(r)eo) G B [T'^eo; 



n 



Pick also Ogeo + . . . + a^.^T" ^eo G -E such that: 

-,n T'h—l 



ageo + . . . + a'^_^T^-^eo 



a^eo + ... + al_^T''-'eo\\ = 1 
and 

n rph-l^ _ Pn{T)eo 
Pn{T)eo 



inf 

a::eE,||x||=l 



Pn{T)eo 



ll-Pn(T')eo|| 



Then, 



inf 

a;EE,||a;||=l 



PniT)eo 



\\Pn{T)eo 

Let us prove that point. First, we spht the norm: 

Pn(T)eo 



0. 



inf 

a;Gi?,||a;||=l 



\PniT)eo\ 



< inf 

xeE,\\x\\=i 





+ 


X — -T ry 


II 2^71 II 





Pn{T)eQ 

\Xn\\ \\PniT)eo\ 



and it suffices to prove that each part tends to when n grows. In fact, the first convergence to 
is given by Lemma |4.5| and for the second one: 



Xn Pn{T)eo 



\xn\\ ||P„(r)eo| 



+ 



Xn 



Pn{T)eo\\ ||P„(r)eo|| \\Pn{T)eo\ 



1 



1 



Xn\\ ||P„(r)eo| 

^n 



+ 



\Xn - Pn{T)eQ\ 

ll^'n(T)eo|| 



- T — + 

ll'^nll S-n ll''^n|| ^n 



< — by definition of £„. 

n 

Thus we have the expected convergence. 

Doing the same thing, we also pick h^eQ + . . . + b^_^T^~^eo G E such that: 

||6^eo + ... + 6Lir'^-^eo|| = 1 

and 



b^eo + ... + bl_,T^-'eo 



Qn{T)eo 



\\Qn{T)eo\ 



inf 

xei?,||x||=i 



X 



QniT)eo 



IIQn(r)eo| 



0. 



Moreover, extracting an appropriate strictly increasing {sk)keN subsequence from the set of 
natural numbers, we get: 



00*^60 + ... + a^l^T'' ^eo — > aoco + . . . + ah-iT'^ ^eo 



-n/l-1. 



and also 



k—^+oo 



where (ao, . . . , at-i), (bo, bh-i) £K^\ {0} 
It follows that 

■ Ps,iT)eo 



and 



ii^'.^meoii 

Qsfc(T)eo 



\\Qs,{T)eo\ 



(aoeo + • • • + ah-iT^ ^bq] 
{boeo + ... + bh-iT^-^eo) 



k-^+oo 



0. 



From these relations, it is easy to notice that: 



{aoeo + ... + ah-iT''-'eo) and {Qs,iT)eo) {boeo + . . . + bt-iT^-^eo) 



16 ERNST ROMUALD 

Using now the continuity for the product of ^, we obtain the fohowing contradiction: 
*((r-=.(P,,(r)eo.Q.,(T)eo))) 




^((r-=K^..meo)>.(Q.,(T)eo)) 

fe— >+oo 

^({eo).{boeo + ... + bh_iT'^-^eo)) 



n/i-i. 



^((P3,(r)eo>.(r-=KQ..(r)eo)» 

fe— >+oo 

Y 



^ [{boeo + . . . + bh-iT- ^cq 
This contradiction proves the lemma! 



^({aoT^eo + ... + ah-iT^^-^ 



eo 



□ 



Assume now and for the following that X is a Banach space having a normalised unconditional 
basis (ei)jgN for which the associated forward shift is continuous. 
We set: 

Coo = Spanjcj, i € N}. 

Since Lemma[4.6| gives a criterion for checking non-strong /i-supercyclicity, the proof of Theorem 



4.4 reduces to the proof of the following points: 



(la) 
(lb) 
(Ic) 
(Id) 

fie) 



Span{r*eo,i G N} = Span{ei,i e N}. 



K[T]eo C {XT'eo,i G N, A G IC}. 
T is continuous. 

There exists a topological space {E, r) and a map ^' : P(coo) — {E, r) such that 
((P(r)eo), (Q(T)eo» ^ ^ (((Pg)(r)eo)) is continuous on P(coo) x P(coo). 
For any 2 < /i < p, ^ ((6960 + . . . + bh-iT^-^eo)) / ^ {{aoT^eo + ... + an-iT^^-^e 
for any (oq, . . . , ah-i), {bo, . . . , bh^i) G \ {(0, . . . , 0)}. 

4.2.1. Construction ofT. Our construction of T is a modification of the construction of Bayart 
and Matheron [2]. We will give the definition of the operator and theorems leading to the 
continuity of T but we will omit the proofs because they are the same as in [2] up to some 
details. 

Let us begin with a few terminology. 
Take a countable dense subset Q of K. A sequence of polynomials P = (Pn)neN is said to be 
admissible if Po = and P contains all polynomials whose coefficients are in Q. Let also deg(P) 
denote the degree of P, \P\i the sum of the moduli of its coefficients and cd{P) its leading 
coefficient. We are going to construct T as an almost weighted forward shift in order to satisfy 
( [la[ ). Actually, we need two sequences to construct T: the first one is the sequence of weights 
{wn)neN and the second one is a strictly increasing sequence {bn)nm indexing the iterates of cq 
for which the shift will be perturbed. 



We define T such that the iterates of eo corresponding to the perturbation satisfy (lb): 



for every n G N*, T^^eo = Pn{T)eQ + e^^ 



and we also define: 



(3) 



for every i G [6ri_i,6„ - 1[ and n G N*, T{ei) = Wj+iCj+i 
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Thus we can express the vectors Tcfe^-i: 

= T''"-''-'{Pn^i{T)eo + eb^_,) 
= r^"-'"-^Pn-i(r)eo + w,^_,+, . . . w,^.iTet„_i 
And replacing T^"eQ with Pn{T)eo + yields to: 

Teb„-l = EnCb^ + fn 

where 



Wb„_,+i ■ ■ ■ Wb^^^l 



and 



(4) fn = {Pn{T)eo - r''"-''"-ip„_i(r)eo). 

Wb„_, + 1 ■ ■ ■ Wb„-1 

Obviously, this definition is non-ambiguous if deg(Pn) < bn — 1- We assume now that deg(P„) < 
bn — 1 for any n E N*. 

We also make the following choices for the values of (6n)neN and {wn)nm' 

bo = l,bn = (2p + 1)" for every nGN*,tt;„ = 4(l \= ) for every n G N*. 



The choice of 6„ is motivated by the fact that we will need 6i > 2p to check ( le ) . We denote 
also dn = deg(P„). 

As in [2j, this operator satisfies (la) and (lb). 



where c> is a numerical constant. 



4.2.2. Continuity ofT. We are now checking (Ic). We introduce the following terminology: 
one will say that P is controlled by a sequence of natural numbers (c„)neN if for all n E N, 
deg(P„) < Cn and \Pn\i < c„. This is an easy fact that if limsup Cn = +oo then there exists an 

n—^oo 

admissible sequence which is controlled by (c„)„gN- We also denote || J^i&n ^i^iWi = Z^ieN l^^*! 
the norm on cqo- 

To check (Ic), we need the following lemma which is almost the same as Lemma 4.20 from 
[2]. The reader should refer to it for a proof: 

Lemma 4.8. The following properties are satisfied: 

(5a) ffn < 1 for all n G N* 

(5b) Ifn£N* and if \\fk\\i ^ 1 for every k < n then : 

ll/nlli < 4--('^"''^"-i)+i + |P„_i|i exp (^-c/k^,)^ 

The following lemma proves that ( Ic ) is satisfied for an appropriate choice of P. For the same 
reasons as before, see [2] for a proof. 

Lemma 4.9. There exists a control sequence (un)neN tending to infinity such that the following 
holds: if the sequence P is controlled by ('Un)n6N then T is continuous on cqo with respect to the 
topology of X. 

4.2.3. Construction of ^ . Since we have completed the construction of T and proved that it is 
continuous, we have to focus on the functional \I' satisfying (Id) and (le). For the construction 
of ^ , we are going to use several functionals. First, we define 2p maps (5 G {1, . . . , 2p} con- 
tinuous for the product on ]K[T]eo. The following lemma from [2] allows to check the continuity 
of such functionals: 

Lemma 4.10. Let (p be a linear functional on cqq. Suppose that J2r,q \4'i^r ■ eg)! < oo. Then, the 
map {x, y) i— )• 4){x ■ y) is continuous on cqo x cqo- 
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Let US construct the functionals $5. In the fohowing, a vector x G cqo is said to be supported 



on some set I C N if x G Span{T*eo,i G We want to construct satisfying Lemma 
Thus, we have to be able to give an upper bound of \(t){er • e„)|. 



4.10 



Take r < q, and write r = bk + u and q = bi + v with u € {0, . . . , 6^+1 — bk 
{0, . . . , bi^i —6^ — 1}. By definition of T, we can re-express: 

er = (T^'= - PkiT)) T"(eo) 

eg = ^ {T'' - Pi{T)) T"{eo). 

Hence, for any hnear functional : cqo 5^, we have: 

|(A(er • eg)| < ^;^|</'(y(fe,«),(i,^))|, 

where = (r^'= - Pk{T)){T'^ - Pi{T))T-+-eo. 

To ensure the convergence of the summation from Lemma 4.10 we set: 

' 1 if i = (5 - 1 

Oifie{0,6i-l}\{5-l} 

2 [^"ri) 2 



1} and V G 



$5(P„(r)r*-^"eo) if i G [bn, i6n[U[26,, 
otherwise. 



Moreover, is well defined on cqo because deg(P„)+i — 6„ < i, hence Pn{T)T^ ''"eo is supported 
in {0,... ,i-l}. 

To ensure the continuity of $5, we need the following lemma. 

Lemma 4.11. Assume that deg(Pn) < ^ for all n G N. Then, the following properties hold 
whenever < k < I. 

^siy(k,u),{i,v)) = Oifu + v<^^ 



(6a) 
(6b) 



6 



\My{k,uUi,v))\ < Mi{P) := niaxfl + \Pj\,f J] ™(1, \Pj\if 



The next proposition makes use of the two previous lemmas to ensure the continuity of 
{x, y) I—)- ^5{x • y) if P is suitably chosen: 

Proposition 4.12. There exists a control sequence (i^n)neN such that the following holds: if 
the enumeration P is controlled by {vn)nen, then the map (x,y) 1— ^s{x ■ y) is continuous on 
Coo X Coo- 



Thus, by Lemmas |4.9| and 4.11, with a well-chosen control sequence, T is continuous and 
<1*5, G {l,...,2p} are continuous for the product defined on ]K[r]eo. Let ^ : P(IC[T]eo) x 
P(lC[r]eo) ^ K^P be defined by: 



vI/((P(r)eo),(Q(r)eo)) 



/ P(T)eo Q(T)eo \ / P(T)eo Q(T)eo \ / 

' V cdiP) cd{Q) ; ' ' V c(i(p) cd{Q) V 



i^(T)eo Q(T)eo 
cd(P) ■ cd(Q) 



and also 



;r]eo) ^ with ^ ((P(r)eo)) = ^ ((P(r)eo), (eo)) := $ 



/^^(7^)eo 



V c(i(P) 



Then, a simple computation proves that ^' satisfies (le) because $5(r*eo) 
for every < i < 61 — 1. 



1 if i = 5 - 1 
if not 
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We have to check the last relation: ( Id ) and this is the aim of the next corollary. 



Corollary 4.13. The map ^ is well defined and is continuous on P(lC[T]eo) x P(]K[T]eo). 

Proof. The fact that ^ is well-defined follows from the fact that ^ is well-defined. Actually, 
dividing any (P(T)eo) by the leading coefficient of P ensures that ^}J(^p° does not depend on 
the representative element chosen in (P(T)eo), therefore ^ is well-defined. 
For the continuity, notice that ^ can be seen as: 

P(]K[r]eo) X P(K[r]eo) ^[T]eo x K[r]eo A K^p 

((P(T)eo),(g(T)eo)) ^ ^ ^ (^Sf-^Sf) ' 



According to Proposition 4.12, are continuous for the product defined on IK[T]eo x ]K[T]eo, 



hence the second part in the above decomposition is continuous. It remains to show that: 

/: P(K[r]eo) (ItC[r]eo)* . 

, D/^N \ ^ P(r)eo IS continuous. 



First, we prove the continuity of: 



]K[T]eo — > K 
P(r)eo ^ cd{P). 



To achieve this, it suffices to prove that |cd(P)| < C||P(T)eo||x) but this is straightforward from 
the expression of T^eo, from Wi > 2 > 1 for alH E N and from the continuity of the coordinate 
functionals associated to the unconditional basis (ei)jgi^ ^3]. From the continuity of this map, 
we deduce the continuity of the following map g: 

g: {K[T]eo)* (IK[r]eo)* 

Finally, we prove the continuity of /. For this purpose, let U G (]K[r]eo)* be a non-empty open 
set, we have to show that V := f^^{U) is open in P(]K[T]eo). Remark that: 

V = |(P(r)eo) G P(K[r]eo) : G U 

cd{P) 

= M9-\u)). 

Then, V is open by continuity of g and because vri is an open map. Therefore, / is continuous. 
This achieves the proof of the continuity of ^ and the proof of the lemma. □ 

Since ^'((P(t)eo), (Q(t)eo)) = ^'(((P(5)(r)eo)), then it is clear that ^' is continuous for the 
product defined on ]K[T]eo x ]K[T]eo and therefore ( [Td] ) is satisfied. 

The combination of Lemma |4.9[ Corollary 4.13 and Lemma [4 .6| completes the proof of Theorem 



vrW ^p(r)eoG]K[T]eo:=^^§^Gt/ 



4.3. A supercyclic operator vi^hich is not strongly n-supercyclic for any n > 2. The 

previous example of a supercyclic operator which is not strongly n-supercyclic for a fixed n is 
answering the question of the existence of strongly /c-supercyclic operators which are not strongly 
(A; -|- l)-supercyclic in the particular case k = 1. In fact, we can improve this result: 

Theorem AAA. There exists a supercyclic operator which is not strongly n-supercyclic for any 
n>2. 
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To achieve this construction, we take a direct sum of some previously constructed operators to 
ensure the non-strong n-supercychcity of this operator. For that purpose, we also have to modify 
the parameter (6n)neN and the admissible sequence of polynomials P. Prom now on, wc take 
bn = 5"^ for every n G N* and 69 = 0. Given infinitely many increasing control sequences (ul^)ne¥i 
satisfying lim„^_|_oo u'n = +00 for every i > 2, then it is possible to consider an enumeration 
{Sli)nm not necessarily bijective of (Q[X])*+^ x {0}^ for every i G N with the following proper- 
ties: for every i,k,ne N, and < j < 6^+1, Sj{k) = 0, deg(S'^(A;)) < u!^+'^ and \Si{k)\i < u^+'^. 
These enumerations will be useful to construct infinitely many admissible sequences (P^)kef^j 
providing a construction of the desired operator, with the procedure explained below. 

r i(i+i) (i+i)(i+2) - 
2 ' 2 



For every j G N and every n G 



we define: 



Qn = 5'j(j+3)^_ and Qq = Sq. 
2 " 
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We set also for every k >2 and every n G N, := Qn{k — 2). 



pi 



pS 



p4 



p5 



p6 



5f 



s 



nO 



s 



11. 



11. 



sf 



i i i 

---H h + - 

i I I 



---H + - 

1 I 



■ + - 



I I 



---H + - 

1 I 
h- 



■ + H 



i : 



---+ — +- 

I I 



--H 1 



The construction of {Qn)nen is maid with two purposes in mind: on the one hand every element 
from Q[X] must appear once as the k-th component of some Qn where the other components 
are all zero and this have to be satisfied for any k. This property allows T to be cyclic. On 
the other hand, to turn cyclicity into supercyclicity, for every element P from Q[^], we need to 
be able to find infinitely many Qn containing repetitions of XP on their firsts components and 
zeros elsewhere where A and the number of repetitions grow with n. 

Coming back to the previously defined sequences P'^ , we state that such sequences are admissible 
and controlled by («^)neN for every k > 2. Indeed, for every n £ N and k >2, P^ = Qn{k — 2) 
hence there exists p, g G N with p < n such that P^ = S!^{k — 2). Then, deg{S^{k — 2)) < Up by 
definition and therefore deg(5j^(A; — 2)) < tt^ because {u^)n&fq is increasing. The same argument 
shows that |P^|i < u^- 
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For the admissibihty, we first notice that SqIi) = for all i G N. Moreover for every k > 2, 
is an enumeration of Q[X] because Q[X] = {5^~^(A; - 2), n E N} C {P^, n G N}. 

Claim: These sequences have the additional property that P^ = for every k > 2 and 
< j < 2k. 



Proof. Let k>2 and < j < 2k, P'^ = Qj{k - 2) = S^{k - 2) for some p,qeN with p + q<j 
by definition of Q. By definition, if < p < S^{k — 2) = 0. 

Then, if < p, we have bg-^-i + q<p + q<j< 2k, giving ^''^ 2"'^"'^ < k — 2. In addition, if 
g > 1, an easy computation yields to q + 1 < ^''^ 2"'^"^ - Hence, we get g + 1 < k — 2 and thus 
59(A: - 2) = because 5^ G (Q[X])'^+^ x {0}^. 

It remains to study the case with q = and 5 = bi < p but 5|(/c — 2) = if A; — 2 > 1 44> A; 7^ 2. 
Furthermore, if A; = 2, then q ^ because otherwise the inequality 5 = bi <p<j< 2k = 4 is 
false. 

This finishes the proof of the claim. □ 



Assume that X is a Banach space with an unconditional normalised basis (ei)igN for which 
the associated forward shift is continuous. For every p > 2, set Xp := X, (ef )igN := (ei)igN the 
unconditional basis of Xp and define an operator Tp on Xp in the same way we did it in the 
last section but with parameters p, (6n)neN and with admissible sequence P^ constructed above. 
The changes on some parameters do not interfere with conditions (la), (lb) and (Ic) which are 
still satisfied, thus Tp is well-defined and continuous on Xp. In addition, it appears from the 
proof of Lemma 4.9 that \\Tp\\ < sup(4C2||Fp||, 2C^) where is the unconditional constant of 



and Fp is the forward shift on Xp. 



The delicate part is the construction of ^' because we use the condition hi > 2p to construct 
the functionals $5 to check (le). Here we have chosen to take 6„ = 5" for every n G N* , then 
we have changed the admissible sequence P^ to be able to construct the functionals $5. Indeed, 
the firsts components of P*^ contains only zeros to We define for every 6 £ { 1 , . . . , 2p} : 



1 if i = (5 - 1 
if i G {0, bm - 
^5{Pn{T)T'~^^ 
otherwise. 



1}\{5-1} 



if i G [bn, \bn 



[U[26„, \bn[ for n > m 



where m G N* is such that 6m- 1 < 2p < bm. 

Then, $5 is well-defined thanks to the claim and (le) and (Id) are also satisfied. As a conse- 
quence, despite some changes on the parameters Tp is supercyclic and not strongly n-supercyclic 
for 1 < n < p on Xp for a suitable choice of increasing control sequences. 

The natural idea to get rid of the strong /c-supercyclicity is to take a direct sum of the 
operators Tp we described. Hence, define T = (Bi^Tp an operator on i? = (Be^Xp for p > 2. Then, 
considering on the first part the weighted forward shift part R of T and then the perturbation 
part K, we get: 



T|| < ||i?|| + \\K\\ < 4sup(CP||Fp||) + 2sup(C2) < +00 

p>2 p>2 
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because for every p >2, Xp = X. So, T is continuous on B and is not strongly p-supercyclic for 
p > 2. Thus, it suffices to prove that T is supercychc. For this purpose we are going to prove 
that T satisfies the two following conditions: 



(7a) 
(7b) 



{(O,--- ,0,ef,0,---),iGN,iJ>2} cSpan<|r 
Span I T' 



' P 



The condition ( 7b ) is satisfied with our construction of admissible sequences. Indeed, it suffices 
to prove (7b) for Spang |t* (ffi*^) ,i ^ n|. Let then P G Q[X], there exists by definition of Qk 
three strictly increasing sequences of integers {nk)ken,i'm'k)keN and {Xk)keN such that for every 



XkP, . . . , XkP, 0, • 



times 



Hence, T^-^ = ( AfcP(r) (|) + V' • • -^WT) 



'0 



rrtfc+l 



+ 



' mfc+2 ' 



Thus, 



-T 



2Xk 



p 



P{T) 



P 



(mfc + l)Afc' {nik + 2)Xk 



P{T) 



\mk + 2^ 



(.2 



This proves (7b). 

We now focus on (7a). Let i G N and q > 2. The de&iition of Qk and the supercyclicity of 
Tp implies that there exists a strictly increasing sequence of integers {nk)ki^N such that Qn^. = 
(0, . . . , 0, Pfc, 0, . . .) for all A: E N where Pk is a polynomial such that: Pk{T)eQ = Xkef + Sk 
where {Xk)kef^ is a strictly increasing sequence of positive real numbers tending to +oo and 

Ikfcll 0. 

fc— >+oo 

Thus, 



r'"M®^2- -(0,...,0,e?,0,...) 




p 



q—l q q+1 

lel el I qel 
(g-l)Afc' Xk +Afc '^'^^'0^ ^'(g + l)A,^ 



i2 



9-1 



2Afc ' " ' ' (g - l)Afc' Afc 



+ £fc, 



(9 + l)Afc''" 



0. 



^2 



This proves (7a). So T is supercyclic on X without being strongly n-supercyclic for any n > 2 
proving Theorem |4.14[ 

Question. Are strongly n-supercyclic operators also strongly (n + l)-supercyclic for n > 2? 

Question. Does T automatically satisfies the supercyclicity criterion if it is strongly n-supercyclic 
for any n > 1? 
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